
Interpolation

Deform(Rectify({Xt})) = Rectify(Deform({Xt}))
NaturalEulerRF(Transform({Xt})) = Transform(NaturalEulerRF({Xt}))
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Key Property: Equivariance to Deformation

• The interpolation Xt can be any smooth (deterministic or randomized)
process connecting X0 and X1.

• Most methods are equivalent to using Affine Interpolations.

Affine Interpolations

Xt = αtX1 + βtX0, with α0 = β1 = 0, α1 = β0 = 1.

• Straight trajectories only when αt + βt = 1.
• Variance Preserving (VP) interpolation: α2

t + β2
t = 1.

• DDPM/DDIM [HJA20, SME20], VP-SDE/ODE [SSDK+20]:

αt = exp
(
−5(1 − t)2 − 0.05(1 − t)

)
, βt =

√
1 − α2

t ,

• Spherical linear interpolation (slerp) [ND21]:

αt = sin(
π

2
t), βt = cos(

π

2
t).
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Straight Interpolation

Xt = tX1 + (1 − t)X0

• Straight trajectories
• Not unit variance

Slerp Interpolation

Xt = cos(πt/2)X1 + sin(πt/2)X0

• Curved trajectories
• Unit variance
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Equivalence of Deformed Interpolations
• Let {Xt} and {X ′

t} be two interpolation processes from the same
coupling, and {Zt}, {Z ′

t} be their rectified flows:

{Zt} = Rectify({Xt}), {Z ′
t} = Rectify({X ′

t}).

Assume Xt and X ′
t are related by an invertible pointwise

transformation:

X ′
t = ϕt(Xτt ).

• Then the same transformation applies to their rectified flows:

Z ′
t = ϕt(Zτt ).

• Their velocities can be transformed by:

v ′t(x) = ∂tϕt(ϕ
−1
t (x)) +

(
∇ϕt(ϕ

−1
t (x))

)⊤
vτt (ϕ

−1
t (x))τ̇t .

Deform(Rectify({Xt})) = Rectify(Deform({Xt}))
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Deform(Rectify({Xt})) = Rectify(Deform({Xt}))

• Intuition: trajectory rewiring is equivariant under point-wise
deformation.

<latexit sha1_base64="YCHaIEsRZiJm+7lwlum/Gab2Ki8=">AAACBHicdVDLSgMxFM34tr6qLrsJFkE3Q6bY2u5ENy4r2Ad0hiGTphrMZIbkjliGLtz4K25cKOLWj3Dn35jWCip6IORwzr3ce0+USmGAkHdnZnZufmFxabmwsrq2vlHc3GqbJNOMt1giE92NqOFSKN4CAZJ3U81pHEneia5Oxn7nmmsjEnUOw5QHMb1QYiAYBSuFxZIP/AYA8nNNlRkkOh7t+Xk3BH+0HxbLxCWVepU0MHEr9qtULakSr1FrYM8lE5TRFM2w+Ob3E5bFXAGT1JieR1IIcqpBMMlHBT8zPKXsil7wnqWKxtwE+eSIEd61Sh/bDexTgCfq946cxsYM48hWxhQuzW9vLP7l9TIY1INcqDQDrtjnoEEmMSR4nAjuC80ZyKEllGlhd8XskmrKwOZWsCF8XYr/J+2K69Xc2tlB+eh4GscSKqEdtIc8dIiO0ClqohZi6Bbdo0f05Nw5D86z8/JZOuNMe7bRDzivH/tomPo=</latexit>

Transform({Xt})

<latexit sha1_base64="SjPsXG2bUjDyKZf9heDN+xlK9JM=">AAAB/XicdVDLSgMxFM34rPVVHzs3wSLUzZAZbG13RTcuK9gHtGXIpGkbmnmQ3BHqUPwVNy4Ucet/uPNvTB+Cih643MM595Kb48dSaCDkw1paXlldW89sZDe3tnd2c3v7DR0livE6i2SkWj7VXIqQ10GA5K1YcRr4kjf90eXUb95ypUUU3sA45t2ADkLRF4yCkbzcYbYTD4UHuNDy0g7QxIPJqZfLE5u45SKpYGK7prlFQ4rEqZQq2LHJDHm0QM3LvXd6EUsCHgKTVOu2Q2LoplSBYJJPsp1E85iyER3wtqEhDbjuprPrJ/jEKD3cj5SpEPBM/b6R0kDrceCbyYDCUP/2puJfXjuBfrmbijBOgIds/lA/kRgiPI0C94TiDOTYEMqUMLdiNqSKMjCBZU0IXz/F/5OGazslu3R9lq9eLOLIoCN0jArIQeeoiq5QDdURQ3foAT2hZ+veerRerNf56JK12DlAP2C9fQLS1pTe</latexit>

ωt(Xωt)

<latexit sha1_base64="1qji4Wm7TDIgRsCYw3LR1W+6tLI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRahboZMsbXdFd24rGAf2JYhk6ZtaOZBckeoQ/FX3LhQxK3/4c6/MX0IKnrgcg/n3EtujhdJoYGQDyu1tLyyupZez2xsbm3vZHf3GjqMFeN1FspQtTyquRQBr4MAyVuR4tT3JG96o4up37zlSoswuIZxxLs+HQSiLxgFI7nZg0wnGgoXcP7GTTpAYxcmJ242R2xSKBdJBRO7YFqhaEiROJVSBTs2mSGHFqi52fdOL2SxzwNgkmrddkgE3YQqEEzySaYTax5RNqID3jY0oD7X3WR2/QQfG6WH+6EyFQCeqd83EuprPfY9M+lTGOrf3lT8y2vH0C93ExFEMfCAzR/qxxJDiKdR4J5QnIEcG0KZEuZWzIZUUQYmsIwJ4eun+H/SKNhOyS5dneaq54s40ugQHaE8ctAZqqJLVEN1xNAdekBP6Nm6tx6tF+t1PpqyFjv76Aest0/V8pTg</latexit>

ωt(Zωt)

<latexit sha1_base64="ahuZXemvmzoW0osz5zRM1Lb0zUQ=">AAACBXicdVBNSwMxEM3Wr1q/qh71ECyCXpZssdXeil48Vmi12C0lm6ZtMJtdklmxLL148a948aCIV/+DN/+Naa2gog9CHu/NMDMviKUwQMi7k5mZnZtfyC7mlpZXVtfy6xvnJko04w0WyUg3A2q4FIo3QIDkzVhzGgaSXwRXJ2P/4pprIyJVh2HM2yHtK9ETjIKVOvltH/gNAKR1TZXpRToc7fnpZQf80X6uky8QlxSPSqSCiVu0X7FkSYl4lXIFey6ZoICmqHXyb343YknIFTBJjWl5JIZ2SjUIJvko5yeGx5Rd0T5vWapoyE07nVwxwrtW6WK7gn0K8ET93pHS0JhhGNjKkMLA/PbG4l9eK4HeUTsVKk6AK/Y5qJdIDBEeR4K7QnMGcmgJZVrYXTEbUE0Z2ODGIXxdiv8n50XXK7vls4NC9XgaRxZtoR20hzx0iKroFNVQAzF0i+7RI3py7pwH59l5+SzNONOeTfQDzusHPdOZEA==</latexit>

Transform({Zt})

<latexit sha1_base64="nmdZrpXTAapQM30tvK2kUKtSRCg=">AAACA3icdVDLSgMxFM34tr6q7nQTLELdDJnBVrsT3bhUsbbQGYZMmtHQzIPkjliGght/xY0LRdz6E+78G9NaQUUPhBzOuZfknDCTQgMh79bE5NT0zOzcfGlhcWl5pby6dqHTXDHeZKlMVTukmkuR8CYIkLydKU7jUPJW2Dsa+q1rrrRIk3PoZ9yP6WUiIsEoGCkob3jAbwCgOOMMRNQfVL2iHYA32CkF5QqxibtfIw1MbNdcbs2QGnEa9QZ2bDJCBY1xEpTfvG7K8pgnwCTVuuOQDPyCKhBM8kHJyzXPKOvRS94xNKEx134xyjDA20bp4ihV5iSAR+r3jYLGWvfj0EzGFK70b28o/uV1coj2/UIkWQ48YZ8PRbnEkOJhIbgrlIku+4ZQpoT5K2ZXVFEGprZhCV9J8f/kwrWdul0/3a0cHI7rmEObaAtVkYP20AE6RieoiRi6RffoET1Zd9aD9Wy9fI5OWOOddfQD1usHfECYFA==</latexit>

Rectify({Xt})
<latexit sha1_base64="vaP5727S/GjhRHa9mUqw8UwGc2g=">AAACBHicdVDLSgMxFM34rPVVddlNsIi6GTLFVrsT3bisYrXQKUMmzWho5kFyRxyGLtz4K25cKOLWj3Dn35g+BBU9EHI4516Sc/xECg2EfFhT0zOzc/OFheLi0vLKamlt/ULHqWK8xWIZq7ZPNZci4i0QIHk7UZyGvuSXfv946F/ecKVFHJ1DlvBuSK8iEQhGwUheqewCvwWA/IwzEEE22HHztgfb7mC36JUqxCbVgxppYGJXzVWtGVIjTqPewI5NRqigCZpe6d3txSwNeQRMUq07Dkmgm1MFgkk+KLqp5gllfXrFO4ZGNOS6m49CDPCWUXo4iJU5EeCR+n0jp6HWWeibyZDCtf7tDcW/vE4KwUE3F1GSAo/Y+KEglRhiPGwE94Qy2WVmCGVKmL9idk0VZWB6G5bwlRT/Ty6qtlO366d7lcOjSR0FVEabaAc5aB8dohPURC3E0B16QE/o2bq3Hq0X63U8OmVNdjbQD1hvn+YumEU=</latexit>

Rectify({X →
t})

<latexit sha1_base64="hEwYS9Mu10qjz6f6hW8eg3/p0vQ=">AAACBXicbVA9SwNBEN2LXzF+RS21WAyCVbgTiVYSsNEugvmAXAh7m0myZG/v2J0Tw5HGxr9iY6GIrf/Bzn/j5qPQxAcDj/dmmJkXxFIYdN1vJ7O0vLK6ll3PbWxube/kd/dqJko0hyqPZKQbATMghYIqCpTQiDWwMJBQDwZXY79+D9qISN3hMIZWyHpKdAVnaKV2/tBHeMD0RiHoOJITlY78tNFGf9TOF9yiOwFdJN6MFMgMlXb+y+9EPAlBIZfMmKbnxthKmUbBJYxyfmIgZnzAetC0VLEQTCudfDGix1bp0G6kbSmkE/X3RMpCY4ZhYDtDhn0z743F/7xmgt2LVipUnCAoPl3UTSTFiI4joR2hgaMcWsK4FvZWyvtMM24zMTkbgjf/8iKpnRa9UrF0e1YoX87iyJIDckROiEfOSZlckwqpEk4eyTN5JW/Ok/PivDsf09aMM5vZJ3/gfP4AmK+ZRg==</latexit>

Interpolation {Xt}
<latexit sha1_base64="ifRn1ZiB9iSG/eCAP4iK5NINPH4=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSB6Crsi0ZMEvOgtgnlANoTZSScZMju7zPSKYcnJi7/ixYMiXv0Gb/6Nk8dBEwsaiqpuuruCWAqDrvvtLCwuLa+sZtay6xubW9u5nd2qiRLNocIjGel6wAxIoaCCAiXUYw0sDCTUgv7VyK/dgzYiUnc4iKEZsq4SHcEZWqmVO/ARHjC9UQg6juRYpUM/rbfw2B+2cnm34I5B54k3JXkyRbmV+/LbEU9CUMglM6bhuTE2U6ZRcAnDrJ8YiBnvsy40LFUsBNNMx28M6ZFV2rQTaVsK6Vj9PZGy0JhBGNjOkGHPzHoj8T+vkWDnopkKFScIik8WdRJJMaKjTGhbaOAoB5YwroW9lfIe04zbUEzWhuDNvjxPqqcFr1go3p7lS5fTODJknxySE+KRc1Ii16RMKoSTR/JMXsmb8+S8OO/Ox6R1wZnO7JE/cD5/AAQEmXc=</latexit>

Interpolation {X →
t}

<latexit sha1_base64="RyajsD/Tk3J7qmJRjMNtEAROyVU=">AAACBnicbVDJSgNBFOxxjXGLehShMQiewoxI9CQBQTxGMQtmQujpvCRNeha636hhmJMXf8WLB0W8+g3e/Bs7y0ETCxqKqvd4XeVFUmi07W9rbn5hcWk5s5JdXVvf2MxtbVd1GCsOFR7KUNU9pkGKACooUEI9UsB8T0LN658P/dodKC3C4AYHETR91g1ER3CGRmrl9lyEB0yugaNRoU0vZHhPUze5baGbtnJ5u2CPQGeJMyF5MkG5lfty2yGPfQiQS6Z1w7EjbCZMoeAS0qwba4gY77MuNAwNmA+6mYxipPTAKG3aCZV5AdKR+nsjYb7WA98zkz7Dnp72huJ/XiPGzmkzEUEUIwR8fKgTS4ohHXZC20KZ/HJgCONKmL9S3mOKcTTNZU0JznTkWVI9KjjFQvHqOF86m9SRIbtknxwSh5yQErkkZVIhnDySZ/JK3qwn68V6tz7Go3PWZGeH/IH1+QOTD5kx</latexit>

Rectified Flow {Zt}
<latexit sha1_base64="h5T6cFmrUf+Qpsw/+t6SEbWo3Xs=">AAACB3icbVDJSgNBEO2JW4xb1KMgjUH0FGZEoicJCOIxilkwE0JPp5I06VnorlHDkJsXf8WLB0W8+gve/Bs7y0ETHxQ83quiqp4XSaHRtr+t1Nz8wuJSejmzsrq2vpHd3KroMFYcyjyUoap5TIMUAZRRoIRapID5noSq1zsf+tU7UFqEwQ32I2j4rBOItuAMjdTM7roID5hcA0ejQoteyPCeDtzktokH7qCZzdl5ewQ6S5wJyZEJSs3sl9sKeexDgFwyreuOHWEjYQoFlzDIuLGGiPEe60Dd0ID5oBvJ6I8B3TdKi7ZDZSpAOlJ/TyTM17rve6bTZ9jV095Q/M+rx9g+bSQiiGKEgI8XtWNJMaTDUGhLKBOA7BvCuBLmVsq7TDGOJrqMCcGZfnmWVI7yTiFfuDrOFc8mcaTJDtkjh8QhJ6RILkmJlAknj+SZvJI368l6sd6tj3FryprMbJM/sD5/AP44mWI=</latexit>

Rectified Flow {Z →
t}
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Equivalence of Deformed Interpolations
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Proof (assume ϕt(xτt ) = ϕ(x) for simplicity).

1) By definition, the velocity field v ′t of {Z ′
t} = Rectify({X ′

t}) is

v ′t(x) = E
[
Ẋ ′
t | X ′

t = x
]

= E
[

d
dt

ϕ(Xt) | ϕ(Xt) = x

]
= E

[
∇ϕ(Xt)

⊤Ẋt | Xt = ϕ−1(x)
]

= ∇ϕ(ϕ−1(x))⊤vt(ϕ
−1(x)). //vt(x) = E[Ẋt |Xt = x ]

2) For Z ′′
t = ϕ(Zt), we compute:

Ż ′′
t =

d
dt

ϕ(Zt) = ∇ϕ(Zt)
⊤Żt = ∇ϕ(Zt)

⊤vt(Zt)

= ∇ϕ(ϕ−1(Z ′′
t ))

⊤vt(ϕ
−1(Z ′′

t ))

= v ′t(Z
′′
t ),

Hence, Z ′
t and Z ′′

t coincides.
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Affine Case: Time-Variable Scaling Transform

Pointwise Transform between Affine Interpolations
• Consider two affine interpolations from the same coupling (X0,X1):

Xt = αtX1 + βtX0, X ′
t = α′

tX1 + β′
tX0.

• Then {Xt} and {X ′
t} are time-wrapping and scaling of each other:

X ′
t =

1
γt

Xτt , ∀t ∈ [0, 1].

• The time-warp τt and rescaling factor γt are found by solving:

ατt
βτt

=
α′
t

β′
t
, γt =

ατt
α′
t
=

βτt
β′
t
, ∀t ∈ (0, 1),

with τ0 = 0, τ1 = 1, γ0 = γ1 = 1.
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Example: Straight Flows to Affine Flows
Converting the straight interpolation Xt = tX1 + (1 − t)X0 with αt = t
and βt = 1 − t into another affine interpolation X ′

t = α′
tX1 + β′

tX0 gives:

τt =
α′
t

α′
t + β′

t
, γt =

1
α′
t + β′

t
.

The velocity of affine flow:

v ′t(x) =
α̇′
tβ

′
t − α′

t β̇
′
t

α′
t + β′

t
vτt (γtx) +

α̇′
t + β̇′

t

α′
t + β′

t
x .
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Key Property: Equivariance Under Numerical Methods

• Although different affine interpolations yield equivalent rectified flow
ODEs, in practice we must solve them numerically.

• Euler method approximates trajectories with straight segments.
• Curved segments updates naturally arise in curved interpolations.

Natural Euler Method
Given an interpolation scheme Xt = It(X0,X1), define the update:

ẑti+1 = Iti+1

(
x̂0|ti , x̂1|ti

)
,

where
(
x̂0|ti , x̂1|ti

)
are expected noise and data at time ti that match{

ẑti = Iti
(
x̂0|ti , x̂1|ti

)
,

vti
(
ẑti
)
= ∂tIt

(
x̂0|ti , x̂1|ti

)
.
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DDIM [SME20] as Natural Euler method
• DDIM employs a time-scaled spherical interpolation during training.
• DDIM inference scheme is an instance of the Natural Euler method.

Ẑt+ϵ = αt+ϵ · x̂1|t(Ẑt) + βt+ϵ · x̂0|t(Ẑt)

=
α̇tβt+ϵ − αt+ϵβ̇t

α̇tβt − αt β̇t
Ẑt +

αt+ϵβt − αtβt+ϵ

α̇tβt − αt β̇t
vt(Ẑt)
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Intuition: Natural Euler Method

• The Natural Euler update is equivalent to:

Deform−1(Euler(Deform(Z ))
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Equivalence of Natural Euler Trajectories
• Let {Xt} and {X ′

t} be two interpolation processes from the same
coupling, related by an invertible, time-dependent transform:

X ′
t = ϕt(Xτt ).

• Let {Ẑti} and {Ẑ ′
t′i
} be their discrete natural Euler trajectories on grids

{ti} and {t ′i}:

Ẑti = NaturalEuler({Xt}, {ti}), Ẑ ′
t′i
= NaturalEuler({Xt}′, {t ′i}).

• If the time grids align such that τ(t ′i ) = ti , then the discrete
trajectories match under the same transform:

Ẑ ′
t′i
= ϕt′i

(Ẑti ), ∀i .
• The final states always match, even if the paths differ:

Ẑ1 = Ẑ ′
1.

NaturalEulerRF(Transform({Xt})) = Transform(NaturalEulerRF({Xt}))
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Example: Equivalence of Natural Euler method up to time rescaling
The following are equivalent:
• Natural Euler on Xt = αtX1 + βtX0, on grid ti = i/n.
• Vanilla Euler on Xt = tX1 + (1 − t)X0, on grid ti =

αi/n

αi/n+βi/n
.
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Curved × Curved = Straight: DDIM is Straight RF

• DDIM: Natural Euler sampler under spherical interpolation.
• RF: (Natural) Euler sampler under straight interpolation.
• DDIM “curved twice” , but is equivalent to the standard

Euler on straight RF with rescaled time.

DDIM = Deform ◦ Euler ◦ Deform−1 ◦ Rectify ◦ Deform({Xt})
= Deform ◦ Euler ◦ Rectify({Xt}).

Different discretization time grids, same result.
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Equivalent to Shifting and Scaling
• Applying shifting and scaling on the noise or data induces a transform

on the RF trajectories.

Shift(Rectify({Xt})) = Rectify(Shift({Xt}))
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Implication on Loss weights

• So far, we have assumed the model is perfectly trained.

• How does the choice of interpolation scheme affect training?

Loss weights during training
Learn a model vt(x ; θ) with an interpolation Xt = αtX1 + βtX0, by

L(θ) =
∫ 1

0
E
[
ωt

∥∥∥Ẋt − vt(Xt ; θ)
∥∥∥2
]
dt,

It’s equavalent to use another interpolation scheme X ′
t = α′

tX1 + β′
tX0

during training, but with the time-weighting and parameterization of:

ω′
t =

γ2
t

τ̇t
ωτt , v ′t(x ; θ) =

τ̇t
γt

vτt (γtx ; θ)−
γ̇t
γt

x

• Changing the interpolation scheme during training implicitly alters the
loss weights and network parameterization.
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Equivalence: Takeaways

Different methods lead to:
• different time-dependent loss weightings during training,
• different step size schedules during inference.

Open Questions
• How can we choose loss weights in a principled way?
• How should the inference scheme be determined during training?
• Related: Discussions on the equivalence between flow and

diffusion [GHH+24, KAAL22, KG23, SPC+23], and on how to choose
loss weights and time grids [Die24].
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